We study ground state properties and excitation spectra for hard-core Bosons on square and triangular lattices, at half filling, using series expansion methods. Nearest-neighbor repulsion between the Bosons leads to the development of short-range density order at the antiferromagnetic wavevector, and simultaneously a roton minima in the density excitation spectra. On the square-lattice, the model maps on to the well studied XXZ model, and the roton gap collapses to zero precisely at the Heisenberg symmetry point, leading to the well known spectra for the Heisenberg antiferromagnet. On the triangular-lattice, the collapse of the roton gap signals the onset of the supersolid phase. Our results suggest that the transition from the superfluid to the supersolid phase maybe weakly first order. We also find several features in the density of states, including two-peaks and a sharp discontinuity, which maybe observable in experimental realization of such systems.
I. INTRODUCTION
A microscopic theory for rotons in the excitation spectra of superfluids was first developed by Feynman, where he showed that the roton minima was related to a peak in the static structure factor.
1 This study has had broad impact in condensed matter physics ranging from Quantum Hall Effect 2 to frustrated antiferromagnets.
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In recent years considerable interest has also centered on Supersolid phases of matter. 6 While the existence of such homogeneous bulk phases in Helium remains controversial, 7, 8 in case of lattice models such phases have been clearly established. One such example is that of hard-core Bosons hopping on a triangular-lattice, where a large enough nearest-neighbor repulsion leads to supersolid order. 9, 10, 11, 12, 13, 14 The nature of the excitation spectra in the superfluid phase and on approach to the supersolid transition has not been addressed for the spinhalf model.
Here we use series expansion methods to study the ground state properties and excitation spectra of hardcore Bosons, at half filling, on square and triangular lattices, with nearest neighbor repulsion. On the squarelattice, the model is equivalent to the antiferromagnetic XXZ model, and we present the elementary excitation spectra for the XXZ model with XY type anisotropy. To our knowledge this calculation has not been done before. It should be useful for experimental studies of antiferromagnetic materials with XY anisotropy. We set the XY coupling to unity and study the spectra as a function of the Ising coupling J z . For the XY model, the spectra is gapless at q = 0 (the Goldstone mode of the superfluid) and has a maximum at the antiferromagnetic wavevector (π, π). As the Ising coupling is increased a roton minima develops at the antiferromagnetic wavevector, which goes to zero at the point of Heisenberg symmetry (J z = 1), as expected for the system with doubled unit cell.
For the triangular-lattice, the hard-core Boson model maps onto a ferromagnetic XY model, which is unfrustrated. The nearest-neighbor repulsion, on the other hand corresponds to an antiferromagnetic Ising coupling, which is frustrated. This model cannot be mapped onto an antiferromagnetic XXZ model on the triangular lattice. For this model, we calculate the equal-time structure factor S(q) as well as the excitation spectra, ω(q). Once again, we find that in the absence of nearestneighbor repulsion, the excitation spectra is gapless at q = 0 and has a maximum at the antiferromagnetic wavevector ((4π/3, 0) and equivalent points). As the repulsion is increased, a pronounced peak develops in S(q) at these wavevectors and simultaneously a sharp roton minima develops in the spectra. Series extrapolations suggest that the roton gap vanishes when the repulsion term (J z ) reaches a value of ≈ 4.5. However, we are unable to estimate any critical exponents for the vanishing of the gap or for the divergence of the structure factor. A comparison of our structure factor data with the Quantum Monte Carlo data of Wessel and Troyer, leads us to suggest that the transition to the supersolid phase maybe weakly first order and occurs for a value of J z slightly less than 4.5.
Our calculations also show a near minimum and flat regions in the spectra at the wavevectors (π, π/ √ 3), which correspond to the midpoint of the faces of the Brillouin zone. These are points where the antiferromagnetic Heisenberg model has a well defined minima. 4 In our case the dispersion is very flat along some directions and a minimum along others. There are several distinguishing features in the density of states (DOS) of the excitation spectra. The largest maximum in the DOS is close to the maximum excitation energy and is not unlike many other antiferromagnets. But, here, in addition, we get a second maximum in the DOS from the flat regions in the spectra at the midpoint of the faces of the Brillouin zone and a sharp drop in the DOS at the roton energy. It maybe possible to engineer such hard-core Boson systems on a triangular-lattice in cold atomic gases. It should, then, be possible to excite these collective exciations either op-tically or by driving the system out of equilibrium. A measurement of the energies associated with the characteristic features in the density of states can be used to accurately determine the microscopic parameters of the system.
II. METHOD
The linked-cluster series expansions performed here involve writing the Hamiltonian of interest as
where the eigenstates of H 0 define the basis to be used and H 1 is the perturbation to be applied in a linked cluster expansion. Ground state properties are then obtained as a power series in λ using Raleigh-Schrodinger perturbation theory. Excited state properties are obtained following the procedure outlined in 22 , in which a similarity transformation is obtained in order to block diagonalize the Hamiltonian where the ground state sits in a block by itself and the one-particle states form another block.
where H eff is an effective Hamiltonian for the states which are the perturbatively constructed extensions of the single spin-flip states. The effective Hamiltonian is then used to obtain a set of transition amplitudes r=0 λ r c r,m,n that describe propagation of the excitation through a distance (mx + nŷ) for the square lattice and (
2 nŷ) with m and n both even or both odd for the triangular lattice.
These transition amplitudes are used to obtain the transition amplitudes for the bulk lattice by summing over clusters. Fourier transformation of the bulk transition amplitudes then gives the excitation energy in momentum space.
where f m,n (q x , q y ) is given by the symmetry of the lattice, with f sqr m,n (q x , q y ) = [cos(mq x + nq y ) + cos(mq x − nq y ) +cos(nq x + mq y ) + cos(nq x − mq y )] /4 (4)
for the square lattice and
for the triangular lattice. In order to access values of the expansion parameter λ up to and including λ = 1, we use standard first order integrated differential approximants 18 (IDAs) of the form
where Q L ,R M ,S T are polynomials of degree L,M,and T determined uniquely from the expansion coefficients. When gapless modes are present, estimates of the spinwave velocity are made using the technique of Singh and Gelfand 15 . For small q = |q| the spectrum is assumed to have the form
To calculate the spin-wave velocity, we expand ∆(q) in powers of q,
and D = B/2A 1/2 . Thus the series 2C(λ)D(λ) provides an estimate for B, which is the square of the spin-wave velocity.
III. SQUARE LATTICE
On the square lattice we perform two distinct types of expansions. For J z ≥ J ⊥ , one can expand directly in J ⊥ /J z by choosing
In this case λ in (1) is J ⊥ (setting J z = 1). Since H 1 conserves the total S z , one can perform the computation to high order by restricting the full Hilbert space to the total S z sector of interest, which in this paper will be restricted to total S z = 0 (half filling). Series expansion studies of the excitation spectra by Singh et al. 15 and subsequently extended by Zheng et al. 16 have been performed for J z ≥ J ⊥ , with expansions involving linked clusters of up to 11 sites (λ 10 ) and 15 sites (λ 14 ) respectively. Fig. 1 shows the results of the spin-wave dispersion analysis for J ⊥ from the dispersionless Ising model J ⊥ = 0 to the Heisenberg model J ⊥ = 1. One can see the development of minima at (0, 0) and (π, π) with increasing J ⊥ , with the gap completely closing at J ⊥ = 1. Since IDAs are not accurate near the gapless points, the dotted line shows the estimated spin-wave velocity v = 1.666 when J ⊥ = 1.
To obtain the spectra with XY anisotropy (J z ≤ J ⊥ ), we need to develop a different type of expansion. We consider the following break up of the Hamiltonian: (for where J ⊥ = 1. Now, a new series is obtained for each value of J z , and the XXZ model is only obtained upon extrapolation to λ = 1. In contrast to the first type of expansion, H 1 does not conserve total S z , and so the entire Hilbert space must be used, limiting the order of computation of the series to λ 10 (11 sites). Fig. 2 shows the results of the spin-wave dispersion analysis for several values of J z from the XY model (J z = 0) to the Heisenberg model (J ⊥ = 1). We find that for the pure XY model, there is gapless excitations at q = 0 (Goldstone modes of the superfluid phase), but there is no roton minima at the antiferromegnetic wavevector. As J z is increased, the spin-wave velocity increases and a clear roton-minima develops at the antiferromagnetic wavevector. This minima collapses to zero as the Heisenberg point is approached. In fact, the doubling of the unit cell implies that for the Heisenberg limit, the spectra at q and at q+(π, π) become identical. Another point of interest is that along the direction (π, 0) to (π/2, π/2), which corresponds to the antiferromagnetic zone boundary, the dispersion is very flat for the pure XY model. A weak minimum develops at (π, 0) as the Heisenberg symmetry point is reached. These results should be useful in comparing with spectra of twodimensional antiferromagnets, where there is significant exchange anisotropy.
IV. TRIANGULAR LATTICE
There has been much recent interest in the XXZ model on the triangular lattice. The spin- bor repulsion.
where b † i is the bosonic creation operator, n i = b † i b i . The parameters are related by t = −J ⊥ /2 and V = J z . For the rest of this section, we let J ⊥ = −1, and so V /t = −2J z /J ⊥ = 2J z .
We will continue to use the spin language as it is natural for our study. For J z = 0, the ferromagnetic in-plane coupling is unfrustrated. As J z is increased, the competing interaction leads to an emergence of a supersolid order.
We have performed expansions for the triangular lattice XXZ model of the form
where J ⊥ = −1. Series are obtained for each value of J z , and the XXZ model is obtained upon extrapolation to λ = 1. The static structure factor
is shown in Fig. 3 along contours shown in Fig. 4 . As J z increases, a peak forms at wavevector q=(4π/3, 0). A plot of this point is shown in fig. 5 along with QMC data from Wessel and Troyer. We have been unable to get any consistent estimates for the critical exponents characterizing the divergence of the antiferromagnetic structure factor and the vanishing of the roton gap as the supersolid phase is approached. Furthermore, the comparison with the QMC data of Wessel and Troyer show that the QMC data begin to show deviations from our series expansion results before J z = 4.5. We believe, this implies that the superfluid to supersolid transition is weakly first order. Wessel and Troyer estimate the transition to be at J z ≈ 4.3 ± 0.2 (|t/V | = 0.115 ± 0.005). Note that the spin-wave theory gives the transition point to be at J z = 2, 9 so that quantum fluctuations play a substantial role here. Additional QMC studies, should provide further insight into the nature of the transition.
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The calculations also show that near the midpoint of the faces of the Brillouin Zone (point B in Fig. 4) , the dispersion is a minima in the direction perpendicular to the zone face QB and is very flat in other directions. This behavior is reminiscent of the dispersion in the Heisenberg antiferromagnet on the traingular lattice where there is a true minimum at this point. 4, 5 Note that this behavior is unrelated to any peak in the static structure factor and thus, as in case of the Heisenberg model, is more quantum mechanical in nature.
In Fig. 7 , we show the density of states for the spectra for J z = 2. There are several distinguishing features in the density of states. First the largest peak in the density of states occurs close to the highest excitation energies. This is not unlike what is found in many other antiferromegnets. However, here, there is a second peak that corresponds to the flat regions in the spectra near the point B. Finally, at the roton energy there is a sharp drop in the density of states. The only contributions to the density of states below the roton gap comes from the Goldstone modes near q = 0. Since the latter have very small density of states, there is a discontinuity in the density of states at the roton energy. 
V. SUMMARY AND CONCLUSIONS
In this paper, we have studied the excitation spectra of hard-core Boson models at half-filling on square and triangular lattices. The calculations show the development of the roton minima at the antiferromagnetic wavevector, due to nearest-neighbor repulsion. In accord with Feynman's ideas, the development of the minima is correlated with the emergence of a sharp peak in the static structure factor. The case of triangular-lattice is clearly more interesting as one has a phase transition from a superfluid to a supersolid phase, where the roton gap goes to zero. Our series results suggest that the roton-gap vanishes at J z ≈ 4.5. However, there maybe a weakly first order transition slightly before this J z value. A more careful finite-size scaling analysis of the QMC data should provide further insight into this issue.
Our results of the spectra suggest two peaks in the density of states and a sharp drop in the density of states at the energy of the roton minima. If such a hard-core Boson system on a triangular-lattice is realized in coldatom experiments, a measurement of the two peaks in the density of states and the roton minima can be used to determine independently the hopping parameter t and the nearest-neighbor repulsion V . m,n) cr,m,n (r,m,n) cr,m,n (r,m,n) cr,m,n (r,m,n) cr,m,n (0,0,0) 2.000000e+00 (3,2,1) -7.291667e-02 (8,3,3) -1.715283e-03 (9,5,2) -1.334928e-03  (2,0,0) -4.166667e-02 (5,2,1) -1.968093e-02 (4,4,0) -2.712674e-03 (8,5,3) -7.225832e-04  (4,0,0) -1.023582e-02 (7,2,1) -8.897152e-03 (6,4,0) -2.980614e-03 (9,5,4 
.500000e-01 -2.500000e-01 -7.500000e-01 -2.500000e-01 -7.500000e-01 -2.500000e-01 1 0.000000e+00 0.000000e+00 0.000000e+00 0.000000e+00 2 -3.750000e-02 7.500000e-03 -1.500000e-01 3.000000e-02 -3.375000e-01 6.750000e-02 3 -7.500000e-03 3.000000e-03 6.750000e-02 -2.700000e-02 4 -3.102679e-03 1.989902e-03 -6.428572e-04 3.271769e-03 -3.081696e-02 3.263208e-02 5 -1.557668e-03 1.356060e-03 4.457109e-02 -4.706087e-02 6 -9.211778e-04 1.018008e-03 -1.686432e-03 2.253907e-03 -5.708928e-02 7.245005e-02 7 -5.949646e-04 7.975125e-04
7.181401e-02 -1.117528e-01 8 -4.102048e-04 6.468307e-04 -7.027097e-04 1.498661e-03 -1.001587e-01 1.839365e-01 9 -2.965850e-04 5.380214e-04
1.440002e-01 -3.025679e-01 10 -2.225228e-04 4.565960e-04 -3.752974e-04 1.029273e-03 -2.164303e-01 5.141882e-01 11 -1.719314e-04 3.937734e-04 3.343757e-01 -8.849178e-01 12 -1.360614e-04 3.441169e-04 -2.322484e-04 7.779323e-04 -5.294397e-01 1.545967e+00 cr,m,n (r,m,n) cr,m,n (r,m,n) cr,m,n (r,m,n) cr,m,n
